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YOUNGJU CHOIE AND SUBONG LIM 

Abstract. We construct theta liftings from half-integral weight weak Maass forms to even integral 
weight weak Maass forms by using regularized theta integral. Moreover it gives an extension of 
Niwa's theta liftings on harmonic weak Maass forms. And we obtain the similar results to those 
by Niwa. 

\o ■ 

i — i. 1. Introduction 

H ■ 

Weak Maass forms are Maass forms which allow exponential growth at cusps. We denote the 
space of weak Maass forms of weight k and eigenvalue s for a congruence subgroup T and a 
character ;f as WMFk, s (T,x)- And harmonic weak Maass forms are weak Maass forms whose 
eigenvalue is zero. We denote the space of harmonic weak Maass forms of weight k for a con- 
L^i| gruence subgroup T and a character ;^ as H k (Y,x)- Harmonic weak Maass forms are related to 
Ramanujan's mock theta functions. A mock theta function was introduced by Ramanujan in his 
• last letter to Hardy. He gave some examples and definition. In 2001, Zwegers lfTH discovered 
CnI \ that mock theta functions are holomorphic parts of nonholomorphic modular forms of weight 
q ' 1/2. More generally, Zagier[10] defined mock modular forms. And it turns out that mock modu- 
C*~) ■ lar forms are holomorphic parts of harmonic weak Maass forms of any weight. 

7— I ■ 

In this paper, we construct even-integral weight weak Maass forms from half-integral weight 
| weak Maass forms. To construct maps, we shall use the indefinite theta series. This theta series 
was used by Shintani, Niwa and Cipra. Using this theta series, Shintani[9] constructed an inverse 
map of Shimura correspondence and Niwa[7J gave another method to construct even-integral 
weight cusp forms from half-integral weight cusp forms and proved the conjecture about the 
o3 | level in the Shimura correspondence. And Cipra[6J extended Niwa's lifting to all holomorphic 
modular forms of all positive, half-integral weight. And we will regularize theta integral to make 
theta liftings well-defined in the case of weak Maass forms. Borcherds[l] used a regularized theta 
integral and constructed theta liftings on weakly holomorphic modular forms. And Bruinier||3l 
defined theta lifting on harmonic weak Maass forms of weight 1 /2. 



Let H be the upper half-plane and let z = u + iv , w = £ + irj e H. Following Cipra's method 
in 10 for given iVeN and a character^ for Y (4-N) we obtain theta functions 9(z, w; ft,,,,) where 
k,m e Z. This theta function has an important property: 8(z, w; fk >m ) is a nonholomorphic modular 

Keynote: theta lifting, weak Maass form . 
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form of weight k/2 for r (4A0 and ^ as a function of z and 8(z, w; fk, m ) is a nonholomorphic 
modular form of weight 2m for r (2A0 and^ 2 as a function of w. For a given weak Maass form 
g of weight k/2 for r o (4A0 and^ we define a function on H 

X reg t/o v i dudv 
L 2 (Z)\H Q.ero(4W)\SL 2 (Z) 

and 

if 

®D(g)(w) = O(0 D X-) 

where fo a )(z) = (cz + d)-* /2 #(^) for or = ( ^ ) and # D (z) = #(£>z). Here £J Z)W is a regularized 
integral which was used by Borcherds 0]. Then this gives a lifting from weak Maass forms of 
weight k/2 to weak Maass forms of weight 2m. The following is the precise statement: 

Theorem 1.1. Let k and m be any integers and let g(z) e WMF* k/2 s (T (4N),x)- Assume that 
X(0) = 0. Then <5} D (g)(w) is a weak Maass form of weight 2m and eigenvalue 4m(m — 1) - 3 - 
k(k — 4) + As for Yq(2N, D) and x 2 - But it may have singularities at Heegner points of the form 
w = b± 2^c~ ac £ Mfor a,b,c e Z, while Oo(g0 does not have any singularities in the case when g 
is a usual Maass form and k ^ 1. 

Remark 1.2. Shimura correspondence is the map from cusp forms of weight k/2 to cusp forms 
of weight 2A = k—\. Unlike the Shimura correspondence, we can choose k and m independently. 
And k and m have any sign. 

Here WMF* k/2 s .<T (4A0,;t) is a subspace of WMF k/ 2, s (To(4N),x), the space of weak Maass 
forms, whose precise definition will be given in Section 2. And Y Q (2N, D) = {{" h d ) e r o (2A0| b = 
0(D)}. In particular, Harmonic weak Maass forms are weak Maass forms whose eigenvalues 
are zero. The space of harmonic weak Maass forms are denoted by H k / 2 (r Q (4-N),x), that is, 
H m {T {AN\ X ) = WMF k/2tS (T (4N),X)- And we have subspaces //* /2 (r (4AO,;r) and#+ 2 (r (4jV),Af) 
of H k / 2 (To(4N),x), which will be defined in Section 2. Note that if g(z) e H+ 2 (T Q (4N),x) then g 
has a Fourier expansion of the form 



g(z) = 2_j a + (n)e(nz) + V a (n)W k /2(2nnv)e(nz), 

beQ beQ 

where W k (x) := e-'r k dt = T(l - k, 2\x\) for x < and e(z) = e 2niz . 

Theorem 1.3. Let k > 1 and A = Assume x(Q) - and that a + (0) = if k = 1 and x 

is a principal character. And let g e H k/2 (Y (4N),x)- If g(z) has a Fourier expansion as above 
then <£> D (g)(w) e H 2A (Y (2N, D),x 2 ) with the same possible singularities at Heegner points as in 
Theorem \l.l\ Moreover if g e H^, 2 (Tq(4N),x) then we have the following results: 
(1) Ifk > 3 then we have 

O D (0)(ioo) = lim(<D D ( )(/77)) = C D (A)^-P-L(l - A,x D ) 

T]—>ca 2. 
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and ifk=\ then we have 



O(^) = 4^/V(0)V^. 

m 

m=l 

(2) Ifk>3 then we have 

Ti s - l (®D(g)dv)-®D(g)(i°°))dri 



a + (Dn 2 ) 



rr\<Wg)m - ®(g)(i°°))dTl = C 1 W(2;r)-T(s)L(s + 1,*) V — ^ 
Jo n 



= C D (A)(27rms)L( S + 1 - A, XD ) V — 5— 
and ifk=\ then we have 

a + (n 2 ) 

where C D (A) = (-l) A 2- 3A+2 (DN) A/2+l/4 andxD = x(-)\-)- 

Then this is the analogous result with NiwafTl and Cipra[6]. So this is the extension of Niwa's 
theta lifting to harmonic weak Maass forms. 

Remark 1.4. If g is a usual Maass form and k ± 1, then we do not need to regularize integral 
because 9(z, w; ftj) is rapidly decreasing at all cusps (see Theorem 2.6 in [6]). 

Example 1.5. We consider a holomorphic Eisenstein series (see Proposition 2.10 in §6&): Let 
k >3. Define 

E k n(z, s) = E m (z, s, AN,x) = Yj 7 ^ ' 

Then it is a Maass form of weight k/2 with eigenvalue -s(s - 1) - ks/2for T (4N) andx- Assume 
that x 1 = x(~) A is primitive mod 4N. Recall that A = (k - l)/2. Then 

®x(E m (z, s))(w) = C(s)E 2A (w,2s) 

where 

Im (yz) 2s 



E 2A (w, 2s) = E 2A (w, 2s, 2N,x 2 ) = £ f{d) 



(cw + d) 2A 



Then it is a Maass form of weight 2A with eigenvalue -2s(2s - 1) - AAsfor Y (2N) andx 2 - 

Theorem 1.6. Let g be the same as that in Theorem U 3\ If $>D(g)(w) e H^ToilN, D),x 2 ) and 
we write its Fourier expansion as follows 

® D (g)(w) = Y A + D (n)e(nw) + V A~ D (n) W(2?mT])e(nw) 



w>0 n<0 
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then we have 

A AtXn) 1 r°° r°° .„ , A A-J-n) 
A a + (Dn 2 ) 

= C D (A)L(s - A + \,Xd) / — . 

(1=1 

So we have the similar result with Shimura's correspondence in [8] but we have extra terms. 

2. Weak Maass forms 

In this section, we review weak Maass forms and harmonic weak Maass forms, which were 
introduced in and @. For y = ( « * ) 6 SL 2 (Z) and z 6 H, let 

_i c 1/2 az + b 

7(y, z) = cz + J, j(r.z) = e«* hVCr.z) and yz = -, 

a cz + d 

where €d = 1 or / as d = 1 or 3, and (|) is the quadratic residue symbol as defined in (S). 

If & G Z, y = ( a c b d ) e SL 2 (Z), and / is a function on H, define 

(f\ k y)(z) = (cz + dy k f(yz). 

When k e Z is odd and y = ( « g ) 6 r (4), define 

(f\my)(z) = j(y,zT k f(yz). 

Let / be a smooth function on H and let k be an integer or half-integer. And let T be a 
congruence subgroup of SL 2 (Z) and let x be a character for Y. And let 

GkCT,*) = {/ e C°°(H)| /U r = x (d)f for all 7 = (« *) e T}. 

If / 6 Gi(r,^) then we say that / is a nonholomorphic modular form of weight k for Y and^f. 



Define A& = -« 2 ( jt + jt) + z^Kf- + *f-)- This is the usual hyperbolic Laplace operator in 



weight k. 



Definition 2.1. A ftw'ce continuously differentiable function on H w called a Maass form of weight 
k and eigenvalue sfor Y andx if 

(1) {f\ k y)=xiy)f for ally eY, 

(2) A k f = sfforseC, 

(3) For a// 7 e SL 2 (Z), (/ky)(z) = 0(v s ) as v -> 00 /or some 5 > 0. 

Wfe denote the vector space of those Maass forms by MaasSk, s (r,;f). If we change the third 
condition, which is a growth condition, into 

(3)' For all 7 6 SL 2 (Z), (f\ k y)(z) = 0(e Sv ) as v -> 00 for some 5 > 0. 
/ is called a weak Maass form. Especially, if s = 0, then it is called a harmonic weak 
Maass form. 
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Let WMFk,s(r,^), HkfT,;^) denote respectively the spaces of weak Maass forms and harmonic 
weak Maass forms. 

If / is a weak Maass form for Y, then it satisfies f(z + I) = f(z) since ( q [ ) 6 T for some 
positive integer /. Hence there is a Fourier expansion 

(2.1) f(z) = J] a ( n > v)e(nu). 

neQ 

Then we define 

WMF ks (r,x> = {/ e WMF Ks (T,x)\ a(n, v)e 2mw = 0{v 6 ) for some 8 > "in}. 

This is the subspace of WMF k ^ s (Y,x). 

In particular, H k (r,^) can be characterized by the differential operator g k , which is studied by 

Bruinier and FunkeflU: We define a differential operator g k = 2iv k jp. This gives a map 

&:H k F,x) -» M [ 2 _ k (Y, x ), 

where M[(Y,x) is the space of weakly holomorphic modular forms of weight k for Y and^. It is 
easy to see that H* k (Y,x) = £ k l (M 2 - k (Y,x)). Here M k (Y,x) is the space of holomorphic modular 
forms of weight k for Y and^. 

The Fourier expansion of any / 6 H* k (T,x) gives a unique decomposition f = f + + f~, where 

(2.2) f\z) = J]a + (n)e(nz), 

neQ 

f-( z ) = Y J a ~( n Wk(2nnv)e(nz) + a-(0)v 1 - k/2 , 

neQ 
n<0 

and W k (x) := e~'r k dt = Y(l - k, 2\x\) for x < and e(z) = e 2niz . Here /+ and f are called 
the holomorphic part and nonholomorphic part of /, respectively. Note that / has a Fourier 
expansion of the form (|2.2I) at all cusps. And the Fourier polynomial 

P(f) = V a + (n)q n with q = e 2niz 

n<0 

is called the principal part of /. 

We define another subspace H^(T,x) of H* k (Y,x) as the inverse image of S 2 -k(T,x) under the 
map g k . So it has a Fourier expansion 

(2.3) f(z) = Yj a + {n)e(nz) + ^ a~(n)W k (2nnv)e(nz). 

neQ neQ 
n»-oo n<0 

In summary we have introduced the following notations: 

WMF* k s (Y,x) c WMF k<s (T, X ) c Maass k , s (Y,x) c G k (Y, X ) 



H k + (Y,x) c H* k (Y,x) c H k (Y,x) = WMF kfi {Y, X ) 
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3. Construction of Theta lifting 

3.1. Indefinite theta functions. In this section we define theta functions by using Cipra's method 
in J6]|. The most of results in this section are in J6]|. We begin by defining the Weil representations 
on SL 2 (R) on the space of Schwartz functions «S(R"). Let Q be a rational symmetric matrix of 
signature (p, q), p + q = n. For x, y e R", define the inner product 

<x,y> = 'xQy. 

For a matrix y = ( a c b d ) e SL 2 (R) and a Schwartz function / 6 «S(R"), define the Weil representa- 
tion 

ff n , , v . J|ar /2 e[f < * >]/(ox) if c = 0, 

\| det Q\-^\c\- nl1 1 e r^- 2 ^^^ VWdy ifc*0. 

Proposition 3.1. Let y e SL 2 (R) and cr z = ( ) /or z = « + w e E Define 0(mod 27r) Zry 
e-* = J(y,z)/\J(y,z)\,andlet 

st\ / cos0 sin0 \ 

K \9) — \ -sin0 cos</>) ■ 

Then 

(1) ycr z = ct tz k(0), 

(2) r(y, 0r(o- z , 2) = r(cr 7Z , Q)r( K ((f>), Q). 

Proof This is Proposition 1 .3 of [J6]|. □ 

Corollary 3.2. Fory = { a c b d )e SL 2 (R), and t e R, let y t = ( ^ bt d ) = ( ' r , ) y ( r ' ( ). Le? /c(0) be 
as before. Then 

(3.1) y t o~ t 2 z = o- t 2 (7Z) K((p) 

and 

r(y„ Q)r(o- t 2 z , Q) = r(o- Hyz) , Q)r«0), Q). 

Proof This follows since J(y t , t 2 z)/\J(y t , t 2 z)\ = J(y, z)/\J(y, z)\. □ 

Let L be an even lattice in R" and let L* be the dual lattice. Denote by v(L) the volume of a 
fundamental parallelotope of L in R": 



v(L) = I dx. 

Jr" /l 

Let [Au • • ' , A n } be a Z-basis for L, and define B = det(< /I,-, Aj >). 

Definition 3.3. (1) We say that a function to : L* /L — » C /las ?/ze first permutation property 

/or r o (4A0 wzf/z a character x if it satisfies 

(a) = 0if<K,K>£TL, 

(b) wfcte) =^(J)o>W/or y = (* *) e r (4AO, 
where x is a character mod AN. 



THETA LIFTINGS ON WEAK MAASS FORMS 7 

(2) We say that a function f e S(R") has the first spherical property for weight k/2 if it 
satisfies 

r{K{<P),Q)f = e(^)r VP?"*/, 
for all K(<p) = ( _ c °f n ^ ™J ) wfcere kZ an dfor y = ( a c b d ) 

<i 



e{y) = 



c> 0, 
V/" 1 C < 0. 



Let / 6 S(R n ) and define, for heL*/L 

9(f,h):=Yjf(x + h). 

xeL 

Then, by Shintani[|3: 

Proposition 3.4. Lety = ( a c b d ) e SL 2 (Z). 77?en 

6(r(y,Q)f,h)= J] <h,j) y 6(J,j) 

jeL'/L 

where 

'6 Kaj e(f <hj>) ifc = 0, 

c(h j )y = A^tQ\ x l 2 V {L)- l \c\- nl2 X e[^(a</* + r,/* + r> 

reL/cL 

-2 < j,h + r > +d < j, j >] ifc t 0. 

Take / having the first spherical property for weight k/2, and let oj have the first permutation 
property for r o (4A0 with character^. Define 

9(z,f,h) := v- k/4 6(r(cr z , Q)f,h), heV/L 

and 

6(z,f;co):= co(h)6(z, f,h). 

hef/L 

Theorem 3.5 (Shintani). Lety = ( a c b d )e SL 2 (Z). Then 

{cz + dy kl2 e{yz,f,h)= Vr ( ^ nc £ c{h J) 7 6{zJJ) 

jeL'/L 

where c(h, j) y as in Proposition ^. 4\ 

Proof This is Theorem 1.5 in 0. □ 
Corollary 3.6 (Shintani). Lety = ( a c b d ) e T (4N). Then 

Kr, zT k 6(yz, /; w) = * WU, /; w) 
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where x'(d) = ) ( ^" )/2 (|) n (f d)«x(d) with the Hilbert symbol 

(-1 ifx,y<0, 



(x, y) 



1 otherwise. 



Let 0(0 be the orthogonal group of Q: 0(Q) = {g\ 'gQg = Q). Let SO(Q) denote the 
connected component of the identity in 0(0, consisting of those matrices g with detg = 1. We 
define a unitary representation of S 0(0 on L 2 (R") by letting (p(g)f)(x) = f(g~ l x). By definition 
of S 0(0, p(<7) commutes with the Weil representation (See [6]| page 64): 

(3.2) p(g)(Ky, Q)f) = Kr, Q)( P (g)f). 

Now we introduce theta kernel as in [6]. Take the following special Q: let 

0.3) e-Kv"')- 

be a matrix with signature (2, 1). Let L = 4NZ ®NZ® NZ/4. Then u(L) = N 3 . Also, L* = 
ZeZ/2eZ/16and5 = -32A^ 3 . 

As a quadratic form, Q is given by the determinant of a matrix, for x = (x\ , x%, x 3 ) 



2 —8 
Q(x) = 'xQx = — (xj - 4xiX 3 ) = — 



x\ x 2 /2 | 
x 2 /2 X3 I 



And there is a map from SL 2 (R) to S 0(0: 

/ u \ ( ° 2 Q b b 2 \ 

( c rf ) I 2ac ad+hc lbd J • 
V c 2 cd d 2 I 

This map gives an isomorphism of S 0{Q) with SL 2 (R)/ + /. 

Definition 3.7. (1) Let Yq be a discrete subgroup ofS 0(Q) which leaves L invariant. Let T* Q 
be the (normal) subgroup o/Yq which fixes L*/L. Let x be a character of Y q which is 
trivial on Y* Q . We say that co : L* /L — > C has the second permutation property for Y Q 

with character x if it satisfies 

oj(jk) =x(y)(o(ic), y£Y Q ,KEL*. 

(2) Let m e Z. We say that a function f e S(M?) has the second spherical property for 

weight 2m if it satisfies, by identifying K((p) as an element ofS 0(Q) 

f(K((pT { x) = e' 2 ^ f(x) for all<f>eR and xeR 3 . 
Let us define Hermite polynomials: for < v e Z, define 

H Y (x) = (-l) v exp(^ 2 /2)-^-exp(-^ 2 /2). 

dx v 

Theorem 3.8. Let m and A be integers. Then for every positive integer fx such that \m\ < A + p., 
there is a function L m A tl such that 

(3.4) fmxn(x) = L n ^(x)H^^-(xi + x 3 )) exp(-^(2x 2 + xj + 2x\)) 
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has the first spherical property for weight k/2 = A + 1/2, and the second spherical property 

for weight 2m. The function L mA41 is defined by 

1 C 2n 

L mM {x) = — J e 2m, *L A ^K{(t>T l x)d<p 

where L AiM (x) = H Vl (^&n/N(x\ - Xt,))H Vi ( y[%njN x 2 ) for any choice of V\ and v 2 such that V\ + 
v 2 - p = A. In particular, we may take 

La,a,o(x) = (xi - ix 2 - x^) A . 

Proof This is Theorem 2. 1 in J6l . □ 

Let fk, m = f m ,A,fi for some fixed p as in Theorem 13.81 where | = A + |. Consider theta function 
associated with f k , m : for z = u + iv, w = g + ir\ e H and given character ;f for To(4A^) we define a 
theta function 

(3.5) 6(z, w; f Km ) := (32N 3 T l/2 i A v' k/4 (4r 1 r m £ M^i){r{a mz , Q)p(o- 2Nw )f hm }(x), 

AN 

where X\ = X(~)\ Mb = J]xi(h)e 27rh!/4N , and L* N = Z/4 © Z/2 © Z/4, the dual lattice to 

h=\ 

l n = nz © nz © ivz. 



Theorem 3.9. 77ze above theta function is a two-variable nonholomorphic modular form: 

(1) flfc w; / fc , m ) e G Jfc/2 (r (4AO,^') as a function ofz, 

(2) w; f Km ) 6 G 2m (r (2A^),^ 2 ) a* a function ofw. 

Proof Basically we follow the proof of Theorem 2.3 of [6J. Let z = u + iv,w = g + irj for 
u, v, rj 6 R. We define 

0(z, w; f hm ) = (4r 1 r m v- k/4 ^*i(*i){r(<r £ , Q)p(or Aw )f hm }(x), 

xeL' 

where L' = Z © NZ © JVZ/4. With the notation of Corollary [Ml 

0(z, «;; / tm ) = (4r]y m 6(z, p(cr Aw )f kM ; oj) 
with a) : L*/T — > C defined by 

(1) wW = 0if*gZ/, 

(2) u){k) = Xi(k\) if k = (ki,K2, K3) e L' , 

where L = 4NZ © NZ © NZ/4 and its dual is L* = Z © Z/2 © Z/16. Note that co has the 
first permutation property for Y (4N) with character xu an d the second permutation property for 
r e = ( 2 i/2) r o(2A0( 1/2 2 ) with character^ 2 (See Proposition 2.2 in (6]|). Note that p(cr 4w )f kjn 
has the first spherical property of weight k/2 since p commutes with the Weil representation (See 
(ICT ). Then by the Corollary [XH 0(z, w; f k>m ) e G k/2 (Y (4N),x(-)) as a function ofz. 
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If we use equation (13.11) then we see that for y = ( " h d ) 6 r o (2A0 

p(o- A(yw) )(x) = p(y 2 o-4w<<PT l )(x) 

where y 2 = ( 2 1/2 )t( 1/2 2) an( ^ e ^ = W )/\J(7> w )\- Note that y 2 e T e . So if we use the 
second spherical property of fk >m and second permutation property of co then we get the desired 
transformation property for the second variable w. 



We define the Fricke involution W(N): 

[N- kll {-izT k f{- 1 /Nz) k = half-integer, 
\N~ k/2 z~ k f(-l/Nz) k = even-integer. 
Let \ k /iW(4N) act on the variable z, and \ 2m W(2N) act on w (See HI). Then 



(f\ k W(N))(z) 



6(Z, W,f Km ) = (®\ k/2 W(4N)\2mW(2N))(Z,W,fk,m) 

and hence transformation formulas of 0{z, w; fu, m ) follow. □ 

This theta function also has a good property about differential operators. 
Proposition 3.10. The theta function 0(z, w; f^,„), defined in ( 13.51 ), satisfies the PDE 

d 2 d 2 k d d k k 



du 2 dv 2 2 y du dv 4 V 4 
2 d 2 d 2 d d 3 

= in + q-v + 2mi ^Q^ ~ 1 ~q^ + m ( m - 1) ~ tMz, w ^ Am). 

Proof This is Proposition 2. 13 of 10. □ 

3.2. Regularized theta lifting. In this section we explain how to regularize the integral and 
we define theta lifting using that regularization. We will use Borcherds' regularized integral. 
Throughout we use the setup of [1J. If we use the weak Maass form, the integral in the theta 
lifting may be divergent. So it has to be regularized as follows: We integrate over the region 
where = {z e H| \z\ > 1, |Re (z)| < 1/2} is the usual fundamental domain of SL 2 (Z) and 5t is 
the subset of 5oo of points z with Im (z) < t. Suppose that 

C dudv 

(3.6) lim F(z)ir s — - 

exists for Re (s) » and can be continued to a meromorphic function defined for all complex s. 
Then we define 

" reg dudv 
F(z)- 



x 

J si 



7)2 

SL 2 (Z)\H v 



to be the constant term of the Laurent expansion of the function (13.61) at s = 0. If we use this 
regularized integral, we can define the theta lifting even though we use weak Maass forms. 
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This is a regularized integral for SL 2 (Z) but we need a regularized integral for r o (4A0. Note 
that for a modular form g e S k / 2 (T (4-N),x) 

J r * j.,9 dudv C in dudv 

v k/ -g(z)9(z,w;f km )^ 2 - = v k/1 > g a (z)9 a (z,w; f k ^ n )— r 

r (4iV)\H V JSL 2 (Z)\H „ e r (4to\SL 2 (Z) v 

where ^(z) = (cz + d)~ k/2 g(az) for a = ( a c b d ). For g € WMF* k/2 s (Y (AN),x) define a function on 

e 

0(g)(w) = tA /2 \ g a (z)e a (z,w;f Km )^-. 

Jsl 2 (Z)\h « e r o( 4iV)\SL 2 (Z) y 

And for square-free, positive integer D and g e WMF* k/2 ^(r (4N),x) let 0£>(X) = g(Dx). Then 
e WMF*(Tq(4ND),xd)- Define 

w 

D (g)(w) = 0(g D )(-). 

But in this case, we use 9(z, w; f^ m ) such that its level is AND and its character is Xd = x(~)\~) 
and use a regularized integral for r (4iVD). 

4. Proof of TheoremO 

First we prove the convergence of Q) D {g) for g e WMF* 2s (T (AN),x)- Since O d (#) is defined 
by using ^(go), it is enough to show the convergence of O(g). Note that since ^ is a 

aer (4AO\SL 2 (Z) 

finite sum, we can exchange sum and integration. And since j = L + X--1/2' we on ^ nee( l 
to check 

J„„=t pu=i/2 dudv 
v k/2 g a (z)9 a (z,w;f k , m )^ 
v=l J«=-l/2 y 

for each a e r (4A^)\SL 2 (Z). And if g a (z)9 a (z, w; f k ^ m ) has a Fourier expansion as ^ a(n, v, w)e 2mnu 

neZ 

then 

, u = f ~„=i/2 j^j^ p=f 

^ ,2 g a (.z)e a (.z,w,f k ^)— r = v k/2 ~ 2 a(0,v,w)dv. 

v=\ Jm=-1/2 y Ju=l 



So we need to check the Fourier coefficients of the constant term of g a (z)O a (z, w; f k , m ). For this 
we need Fourier expansions of g a (z) and 9 a (z, w; f k , m ) with respect to z. 

By computing explicitly representations in the definition of 9(z, w; f km ) in (13.51 ) it turns out that 

9(z, w; f Km ) = J] Kx, v, w; k)e w^ 2 e ^-^ 

jceZ 3 

where h is a polynomial of x, v and w and A(x, w) = ^(xj - ANwx 2 + 4N 2 w 2 xt,). This gives a 
Fourier expansion with respect to z = u + /i\ 
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Next we will see the Fourier expansion of 9 a {z, w; f km ) for general a e r (4AO \ SL 2 (Z). Let 



i 

-2 

This is just the original 2 in 03 .31) when N = 4. Likewise let /4 be a function f km in (|3.4I) with 
N = 4. Then / 4 satisfies the first and second spherical properties for the weights k/2 and 2m 
respectively. Now let 

L = 4/YZ©2ZeZ 

l' = ze2Zez 
v = z©z©z/4/v 



u>(k) 



and define to : L* /L — » C by 

/c = (/ci, /cr 2 , /c 3 ) 6 L'. 

Then a; has the first permutation property for r o (4A0 with character^ and the second permuta- 
tion property for Yq = ( 2 1/2 )r o (2A0( 1/2 2 ) with character^- 2 . Direct computation shows that, 
up to constant multiple, 

By Theorem 1331 we see that for each a e r o (4A0 \ SL 2 (Z), 9 a (z, w; f^ m ) can be written as 

6 a {z, w; f Km ) = £ h a {x, v, w; k )e^ A(x ' wt e^~ x ^ 

xeZ 3 

where h a is another polynomial for x, v and w. 

And we know that g a has the Fourier expansion of the form (|2.1I) . So the constant term of 
9a{z)0 a {z,w\ fk, m ) is a sum of terms of the form a(x\ - x\X 3 , v)e 27Tix ^~ x,X3)v h a (x, v, w; k)e^ Mx,w ^ 
where x = (x u x 2 , x 3 ) e Z 3 . By the definition of WMF* k s (T (4N),x), a(xj - x y x 3 , v ) e 2jT( 4- x ^ v = 
0(v s ) for some 6 > 0. So every term is exponentially decreasing as v — » oo except the case 
of A(x, w) = 0. So if A{x, w) ^ for all x e Z 3 then the constant term of g a {z)9 a {z, w; fk, m ) 
goes to zero when v goes to oo. So (14.11 ) converges and hence (&(g)(w) is well defined where 
A(x, w) + for all x e Z 3 . And it may have singularities where A(x, w) = for some ieZ 3 . 
Since ^-(0) = 0, we don't need to consider the case of x = 0. So the singularities may occur where 
w = b±< ^" c e H for a, b, c e Z. 



And transformation properties of $>(g)(w) come easily from the fact that 6(z, w; fk >m ) is a non- 
holomorphic modular form of weight 2m for Y (2N) and^ 2 as a function of w. 

We have Maass differential operators on smooth functions from H to C (See [3] page 97): 

d 

R k = 2i— + kv~\ 
oz 
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For any smooth function / : H — » C and y e SL 2 (Z) it is well known that 

(R k f)k + 27 = Rkifhy), 

(L k f)\ k - 2 7 = L k (f\ k y). 

The operator A k can be expressed in terms of R k and L k by 

&k = L k+2 R k - k = R k -2L k . 

We will use A 2m as the Laplace operator with respect to w and A k / 2 as the Laplace operator 
with respect to z. To prove that <D(a)(«;) is an eigenfunction of A 2m we need following lemmas, 
which are essentially Lemma 4.2 and Lemma 4.3 in 0. 

Lemma 4.1. Le? / e G l72 (r (4^),^) and a e G it/2+ 2(r (4AO,^). 7%en 



2_j Mz)(L k/2 +2(g a ))(z)v k/2 2 dudv 

r > a€r (4jV)\SL 2 (Z) 



X 

f J] (R k/2 (fa))(z)gjzjv k/2 dudv 

^ T < ffer (4W)\SL 2 (Z) 

\\ J] f a izjgj^)v kl \ =t du. 

— T „„-T--//l KT\\ CI ./T-i 



"2 (j-ero(4/V)\SL 2 (Z) 

Proof The assumptions imply that co = v k/2 ( ^ fa(z)g a (z))dz is a SL 2 (Z) -invariant 

aer (4/V)\SL 2 (Z) 

1-form on H. By Stokes' theorem we have 



X 



v m 



Mz)g a (z)dz 

aer (AN)\SL 2 (Z) 

d{v m Yj Mz)gJ^)dz) 



'~ f < aEro(4AO\SL 2 (Z) 



("a""" 2 Yi Afe)ft>fe) - 'V"" 2 Zi Uz)g„(z))dudv 



f 

Jar Of ^— ' OU 

^ r < aer (4/V)\SL 2 (Z) aer (4A')\SL 2 (Z) 



X 



^12-2 ^ f a (z)(Lk, M (g a ))(z) 

aer (4A')\SL 2 (Z) 

2 2] (R k / 2 (fa))(z)g a (z))dudv. 



-v 1 

c€r (4A0\SL 2 (Z) 

In the integrand over &F t on the left hand side the contributions from SL 2 (Z)-equivalent boundary 
pieces cancel. Thus 

f «* /2 X faiz)gMdz= f\v k/2 y UzMT)] v=t du. 

Jar, J-i ^_^ct.^ 



aer (4A')\SL 2 (Z) ^"2 a-er (4AO\SL 2 (Z) 
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This implies the assertion. 
Lemma 4.2. Let f,g e G k/2 (T (4N),x)- Then 

f v k/2 J] ^m(f a ))(z)l^)— 

^ F < aer o (4A0\SL 2 (Z) V 

~ f vk ' 2 E /afe)(A*/ 2 (sr a ))(z)^ 

aer (4AO\SL 2 (Z) V 
r-V2 

[v k/2 2j fa(z)(L k/2 (g a ))(z)] v=t du 

J-!/ 2 ff er (4iV)\SL2(Z) 
W/2 

[v k/2 J] (Lm(fa))(z)g a (z)] v=t du. 

J- 1 / 2 aer (4W)\SL 2 (Z) 

Proof We write A k / 2 = R k / 2 - 2 L k / 2 an d apply Lemma |4~T1 twice . 
Observe that A k/2 (g a ) = sg a . We have 



■dudv 
T 

dudv 



f reg r-, d 2 d 

A 2m (®(g))(w) = -4 v m ) g a {z){if—— +2mijj— )e a (z,w;f k>m ) 

JsL 2 (Z)\H aero( ijfsL 2 (Z) 3wdW 3W 

= 4 d" 2 > ^(z)(Afc/ 2 (^))(z,iu;A m )— 2- 

JSL 2 (Z)\H „ y 

+4(m(m - 1) - 3 - - - l))0(g)(w). 

The last equality comes from Proposition |3.10[ And by Lemma [4721 

r reg tn \ i JwJi; 

^ > , ga(z)(A m (e a ))(z, w; ftod—j- 

JSL 2 (Z)\H „ y 

/-1/2 

= sO(g)(w) - lim I u* /2 V g a (z)(L k/2 (0 a ))(z, w; f kjn )du 
+ lim I ^ /2 V(Lfe/ 2 (g«))(z)6' (l (z, u>; /fcJJa. 

<~°°J-l/2 V 

By the same argument in the proof of the convergence, we see that two integrals 

lim t/ /2 V g a (z)(L k/2 e a )(z, w; f k , m )du, 
«-*-°°J_i/2 ^ 

/-1/2 

lim D* /2 V(A/2(^a))(2)^o(z, 10", /t,m)^« 

b-»«»J_1/2 ^ 
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And note that ®(g D )(w) transforms under the group T (2ND). So <b(g D )(w/D) transforms 
under the group r (2iV, D). 

5. Proof of Theorem O 

Let A = (k - l)/2. We consider the lifting from H+ 2 (T (4N),x) to H* 2A (Y (2N, D),x 2 ) with sin- 
gularities. In this case we take fkj(x) = (x\ - ix 2 - x 3 ) A exp(-^(2^ + x\ + 2x1)). Then 6(z, w; f k j) 
is the same theta function which was used by Niwa0 and Cipra@. 

As a special case of Theorem [TTT1 if g e H+ 2 (T (AN),x) then D (g)(w) e H 2A (T (2N, D),x 2 ) 
with singulairites. Now we will compute the image of the lifting when k > 1 by using the 
unfolding method. To do that we need to rewrite theta functions as follows: 

Lemma 5.1. We have 



Now we will observe the behavior of <b(g)(w) at zoo. The following computations are essen- 
tially done in Theorem 2.12 in J6]|. Assume that k > 1. Let 





withC = (-l) A 2- 4A N A/2 - 1 ' 4 . 

Proof This is Theorem 2. 1 1 of 10. 



□ 



g(z) = J] a + (n)e(nz) + J] a(n)W m (27mv)e(nz) e H + m {Y Q {AN\x)- 
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Using the Lemma I5TT1 we have 

C r in dlldv 

®{g)(irj) = J ,2 g(z)e(z,iTi;fkJ— 

Jr (4A0\H v 
j /-.co M 



xm A ~ v H v (2 ^2~nvn)e 



2= t'/ 2 '" 2 dwdi) 

z 4o 

„2 



/i ,-.00 °° 

v=0 ^° «=-oo 

CO 

m=-oo 
A- s*oo 

= C'^iVilTtr [a + (0)H v (0) + J]a + (n 2 )H v (yn)e- n2 y 2/2 ] 

oo 

x(>7/?/) 1 - v J) Xl (myn^e- M ^dy/y 

m=-oo 

with C = 2C(8?r) 1/2 = (-l)' 1 2- 4 ' {+2 A^' 1/2+1/4 (2^) 1/2 . As 77 -» 00, the only non-negligible term is 
that one involving a + (0): 

A poo 00 

O(0)(/co) = a + (0)C'^(; l )(2^r// v (0) I j, 1 "" £ Xl (m)^e-^^dy/y. 

v=0 ^° m=-oo 

If A: > 3 then we invert the theta function using Poisson summation 

j ^.00 00 

OKgXioo) = a + (0)C"J](i)i v H v (0) jf* £ ^ l(m )H A _ v (^-)e- ml/32N ^dy/y 

v=0 m=-<x> " 

with C" = C'(2m)~ A (2ny lll (ANy l = i A 2- 5A N A/2 ' y4 n~ A . We can now actually sum over v: 



v=0 

SO 



Z * i(m)( ^ )/le 

tYl — — CO " 

^ m 



A -m 2 /32N 2 y 2 



dy/y 
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with C* = C"(SN) A = i*2~ 3A N (3/2)A - (3/4) n- A . The integral gives Y(A), and C*T(A) = C (A). So 

CO 

®(g)(ioo) = a+(0)C (A) ^i(m)m-* 

m=l 

where C (A) = i A 2- 2A N (3/2)A - (3,4) n- A Y(A) and xi(m) = lZZiXi(h)e nimh!2N . And if we use func- 
tional equations for the L-series, we get the result about the constant term. 
If k = 1 then we can evaluate directly without the inversion 

poo <x> 

®(g)(ioo) = a + (0)C yYx(m)cxp(-2n 2 m 2 y 2 )dy/y 

Jo rzt 

= a + {<d)C2- l l 2 n- l T{\l2)Y^ 

m 

m=l 

= 4^V(0)V^. 

^— f Til 

From this, we see that (&(g)(w) is bounded at ioo. So we see that <b(g)(w) e H* 2A (Y Q {2N),x 2 ) 
with singularities and P{Q>{g)) is constant. We have 

0(^(117) - 0(^(100) = Cj]( A v )(2nr J]a + (n 2 )H v (yn)e- nl ^ 2 (T,/y) l - v 

v=0 ^° n#0 

CO 

X 2 ^(m^V 2 ^ 2 ^ 2 ^. 



m=-oo 



Now 



y^CO °° 

Jo m t-L 

= y\2n 2 ) (v ' s - l)l2 y Xi{m)m- (s ' A+l) \ /i (s+l - v)/2 e^dfi/id 
= y\2n 2 r-^ 2 L(s - A + l fAri )IX^^). 



Thus 



rT l mmri) - <S>(g)(i°°))dr] = C'L(s -A+ \, X i) Y ( ^ ) W^tt 2 ) 

1 /"»co 

XT( J ~ V ) X a + (n 2 )H v (yn)e-'^ 2/2 dy/y. 

1 Jo ~r± 



18 

Now 



= ( 
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y s Ya + (n 2 )H v (yn)e-" 2 y 2/2 dy/y 
y^T 1 ) y\H v (y) + H v (-y))e^ /2 dy/y 

ti n Jo 



if v is odd 

y s ~\-iy(—e- y2/2 )dy if v is even 



. ^ n Jo 



dy v 



2(V^i)(,-l)---(,-y) jT-'e^dy 

ti n Jo 



Za + (n 2 ) .s - v 

_LJ )(S _ 1) . . . (s _ v)r( ) 2 
n s 2 



(2-v)/2 



Thus 



r °° +/ 2\ 
rf- l Wg)(iri) - 0(g)(/oo))^ = C'L(s - ^ + l,Ari)(2 E ( " } 

n=l v even 



r( ^±i z v )r(£ ZV ) 

X . 2 ,,„ 2 (5 - 1) • • • (5 - V). 



2 v+l/2 7r *+l 

Using the identity T(tl2)Y((t + l)/2) = 2 w 7r 1/2 r(0, we get 



rf- x mg)(ir,) - ®(g)(ico))dr, = C"L(s -A+ l, X i)(J] J] d) 

n=\ v even 



X 



T(s- v)(s- l)---(s-v) 
(2*)* 



with C" = 2C'(27r)- 1/2 = (_i)^2- 4i+2 ^ /2+1/4 . Note that T(s - v)(s - 1) • • -(s - v) = Y(s) and 
X(v) = 2^. So 



rf-'mgXirj) - <S>(g)(ico))dri = d(,l)(27r)-T( S )L(s -A+ l, X i) V — ' 

ti n 

with CiU) = (-iy2~ 3A+2 N A/2+l/4 . 
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